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we classify the groups whose irreducible characters vanish only on involutions. Some
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1. Introduction
A classical theorem of Burnside shows that every nonlinear irreducible character of a finite group G vanishes on some
element of G. Recently, Malle, Navarro and Olsson strengthened this result, by proving that every nonlinear χ ∈ Irr(G)
vanishes on some element of prime power order, see [7].
In this paperwe study the groupswhere all nonlinear irreducible characters vanish only on elements of p-power order, for
a fixed prime p. We prove that such groups are solvable and that, besides the obvious cases of abelian groups and p-groups,
they are ‘‘essentially’’ Frobenius groups.
Theorem A. Let G be a nonabelian group and p a prime. If every irreducible character of G vanishes only on p-elements, then one
of the following holds.
(i) G is a p-group.
(ii) G/Z(G) is a Frobenius group with a Frobenius complement of p-power order and Z(G) = Op(G).
Observe that the groups described in Theorem A have a nilpotent normal p-complement and, for p odd, abelian Sylow
p-subgroups. Furthermore, we note that the converse of Theorem A does not hold, see Section 5 for some examples.
If the zeros of the irreducible characters are elements of prime order p, then we have the following result:
Theorem B. If every irreducible character of the nonabelian groupGvanishes only on elements of order p, then one of the following
holds.
(i) G is a p-group of exponent p.
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(ii) G = E×F ,where E is an elementary abelian p-group (possibly E = 1) and F is a Frobenius groupwith a Frobenius complement
of order p.
For small primes, Theorem B can be inverted. In particular, one gets the following characterization of the groups with
irreducible characters vanishing only on involutions:
Theorem C. Let G be a nonabelian group. Every irreducible character of G vanishes only on involutions if and only if G = E× F ,
where E is an elementary abelian 2-group and F is a Frobenius group with Frobenius complement of order 2.
Note that in Theorem C the Frobenius kernel of F is abelian. A similar description is available also for p = 3: see
Theorem 4.3. In Section 5 we give some examples showing that there is no analogue of Theorem C for p ≥ 5.
The reading of [4] motivated our research. We note a strong formal ‘‘duality’’ between Theorem C in this paper and
Theorem A in [4], that describes the permutation groups where every derangement is an involution: these are Frobenius
groups whose Frobenius kernel is an elementary abelian 2-group. Further coincidences between derangements and
characters can be seen by comparing Burnside’s result with Jordan’s lemma on the existence of a derangement in any
nontrivial transitive permutation group, and the main theorem in [7] with Theorem 1 in [1].
2. Preliminary results
In the following, we denote by Irr(G) the set of the irreducible complex characters of the finite group G. If χ ∈ Irr(G),
x ∈ G and χ(x) = 0, then we say that χ vanishes on x or that x is a zero of χ .
We will say that a group G belongs to the class Vk, for a positive integer k, if every irreducible character of G vanishes
only on elements of order dividing k. So, an abelian group belongs to Vk for all k.
Given a normal subgroup N of G, we identify the irreducible characters of G/N with the irreducible characters of G that
contain N in the kernel. So, if G ∈ Vk, then also G/N ∈ Vk, i.e. the class Vk is image closed.
We will prove that the groups in Vpt , for p prime and t ∈ N, are solvable. We need first some preliminary results:
Lemma 2.1. Let m and n be positive integers. Assume that ε1 + ε2 + · · · + εn = 0, where ε1, ε2, . . . , εn are mth roots of unity.
(i) If m is a power of a prime p, then p divides n.
(ii) If n = 3, then 3 divides m.
Proof. (i) Let ε be a primitive mth root of unity. Write εi = εki , for some 0 ≤ ki < m, and h(x) = ∑ni=1 xki . Then h(ε) = 0
and hence themth cyclotomic polynomialΦm(x) divides h(x). In particular,Φm(1) = p divides h(1) = n.
(ii) Assume ε1 + ε2 + ε3 = 0. Multiplying by a suitable mth root of unity, we can assume that ε3 = 1. Then ε2 = ε1 and
Re(εi) = −1/2. It follows that εi is a primitive cubic root of unity, for i = 1, 2. 
Corollary 2.2. If χ ∈ Irr(G) vanishes on a p-element, p prime, then p divides χ(1).
Proof. Assume that χ(g) = 0 for an element g ∈ G of order a power m of p. Since χ(g) is the sum of χ(1) mth roots of
unity, the claim follows by Lemma 2.1(i). 
We remark here that Lemma 2.1 is a special case of the following much more general result, which is the Main Theorem
of [6]:
Theorem 2.3. There is some vanishing sum ε1+ε2+· · ·+εn = 0 of n mth roots of unity if and only if n is a linear combination,
with non-negative integer coefficients, of the prime divisors of m.
Next, we prove that any group in Vpt has a normal p-complement.
Proposition 2.4. If G lies in Vpt , then G has a normal p-complement.
Proof. We can assume that G is nonabelian. Consider χ ∈ Irr(G) a nonlinear character. By a theorem of Burnside, there
exists g ∈ G such that χ(g) = 0. By assumption g is a p-element, therefore Corollary 2.2 yields p divides χ(1). So, p divides
the degree of every nonlinear character of G and hence, by a theorem of Thompson (see [11]), the group G has a normal
p-complement. 
We now state an easy lemma, which we are going to use repeatedly.
Lemma 2.5. Let M be a normal subgroup of G andχ ∈ Irr(G/M). Let n be the least commonmultiple of the orders of the elements
of G on which χ vanishes. If χ vanishes on x ∈ G, then exp(CM(x)) divides n.
Proof. By assumption, for every y ∈ M we have χ(xy) = 0 and thus xn = 1 = (xy)n. If y ∈ CM(x), then yn = xnyn = (xy)n =
1 and hence |y| divides n. 
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Next we quote the following remarkable extension of the theorem of Burnside on zeros of characters (the proof does not
use the classification of finite simple groups).
Theorem 2.6 ([8, Theorem A]). Let N be a normal subgroup of G and χ ∈ Irr(G). Then, χN is not irreducible if and only if χ
vanishes on every element of a coset of N in G.
Finally, to prove the solvability of the groups in the classVpt , wewill use the following result which uses the classification
of finite simple groups.
Theorem 2.7 ([10]). Let A be a cyclic group acting on the group G. If CG(A) = 1, then G is solvable.
Theorem 2.8. If G ∈ Vpt , p is prime and t ∈ N, then G is solvable.
Proof. By Proposition 2.4, the group G has a normal p-complement N . Let χ ∈ Irr(G) and assume that χN is not irreducible.
Then, by Theorem 2.6, there exists an element x ∈ G such that xn is a p-element for every n ∈ N . In particular, x is a p-
element. If n ∈ CN(x), then |n| divides |nx| and, as nx is a p-element, it follows n = 1. Therefore, CN(〈x〉) = 1 and, by
Theorem 2.7, the group N is solvable. Thus G is solvable.
We can hence assume that χN ∈ Irr(N) for every χ ∈ Irr(G). Thus, Irr(N) = {χN | χ ∈ Irr(G)} and, since N is a p′-
group, no irreducible character of N vanishes on elements of N . By Burnside’s theorem, it follows that N is abelian. Thus G
is solvable. 
It is worth noticing that the solvability of the groups in Vp does not depend on the classification of finite simple groups.
Indeed, one could use Thompson’s theorem on fixed-point-free automorphisms of prime order in the previous argument.
Next step is understanding the p-groups in Vpt . We will prove that they are precisely the group of exponent dividing pt .
Observe that, for every group G and χ ∈ Irr(G), if g ∈ Z(G), then |χ(g)| = χ(1) and hence χ(g) 6= 0. For p-groups the
converse is true (see also Theorem B in [5]).
Lemma 2.9. Let G be a p-group and g ∈ G. If χ(g) 6= 0 for every χ ∈ Irr(G), then g ∈ Z(G).
Proof. We argue by induction on |G|. Let M be a minimal normal subgroup of G; then |M| = p. As χ(gM) = χ(g) 6= 0 for
every χ ∈ Irr(G/M), by induction we have gM ∈ Z(G/M). Hence
|G|
p
= |CG/M(gM)| =
∑
χ∈Irr(G/M)
|χ(gM)|2 <
∑
χ∈Irr(G)
|χ(g)|2 = |CG(g)|,
where the strict inequality is given by the hypothesis on g . Thus, |CG(g)| = |G| and g ∈ Z(G). 
Corollary 2.10. Let G be a p-group. The group G lies in Vpt , t ∈ N, if and only if either G is abelian or exp(G) divides pt .
Proof. Assume G ∈ Vpt and exp(G) > pt . By Lemma 2.9, any element of G of order greater than pt lies in Z(G) and this
implies that Z(G) = G. The other implication is clear. 
3. Proofs of the theorems
The character theory of Frobenius groups is well known. Any irreducible character of a Frobenius group G with kernel
K is either an irreducible character of G/K or it is induced by a nonprincipal irreducible character of K . In particular, every
χ ∈ Irr(G) \ Irr(G/K) vanishes on every element of G \ K . We single out the following bit, for further reference.
Lemma 3.1. Let G be a Frobenius group with Frobenius complement H. Then there exists χ ∈ Irr(G) such that χ(x) = 0 for
every x ∈ H, x 6= 1.
Wewill alsomakeuse of the following result,which is Theorem4.3 of [5]. As usual,wedenote by F(G) the Fitting subgroup
of a group G.
Theorem 3.2. Let G be a solvable group and let x be an element of G such that χ(x) 6= 0 for every χ ∈ Irr(G). Then the image
of x modulo F(G) has 2-power order.
We are now ready to prove Theorem A, which we state again:
Theorem 3.3. Let G be a nonabelian group and p a prime. If G ∈ Vpt , for some t ∈ N, then either G is a p-group of exponent
dividing pt or Z(G) = Op(G) and G/Op(G) is a Frobenius group with Frobenius complement P/Op(G), where P ∈ Sylp(G).
Proof. Let G be a nonabelian group in Vpt and let P be a Sylow p-subgroup of G. As G lies in Vpt , Burnside’s theorem yields
P 6= 1. By Corollary 2.10, we can assume that G 6= P and prove, by induction on |G|, that G/Op(G) is a Frobenius group with
complement P/Op(G).
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By Theorem 2.8, the group G is solvable and, by Proposition 2.4, the group G has a normal p-complement K , K 6= 1. We
first claim:
CK (x) = 1 for every x ∈ P \ Z(P). (Ď)
Namely, if x ∈ P \ Z(P) (if any), then by Lemma 2.9 there exists χ ∈ Irr(G/K) such that χ(x) = 0, since G/K ∼= P . Thus, by
Lemma 2.5, we see that CK (x) = 1.
Assume first that Op(G) 6= 1 and write G = G/Op(G). Then G ∈ Vpt and G is not a p-group. If G is abelian, then P E G and
G = K × P . Now, (Ď) implies that P is abelian. As K is isomorphic to a subgroup of G, we have that K is abelian. It follows that
G is abelian, against our assumption. Thus G is nonabelian. Now, since Op(G) is trivial, by induction we get that G/Op(G) is a
Frobenius group with complement P/Op(G).
We can hence assume thatOp(G) = 1.Wewill prove that G is a Frobenius groupwith complement P . Consider aminimal
normal subgroupM of G. Since G is solvable and Op(G) = 1, we haveM ≤ K .
If Op(G/M) = 1, then G/M is nonabelian and is not a p-group. Hence, by induction, G/M is a Frobenius group with
complement PM/M . By Lemma 3.1, every nontrivial x ∈ P is a zero of some ψ ∈ Irr(G/M). Hence, by Lemma 2.5, it follows
that CM(x) = 1. Since CK/M(xM) is trivial, we get CK (x) = CK (x) ∩ M = CM(x) = 1, for every nontrivial x ∈ P . Thus, G is a
Frobenius group with Frobenius complement P .
If M = K , then K is a faithful irreducible P-module. Let x be a nonidentity element in Z(P). By Clifford’s theorem K is a
faithful homogeneous 〈x〉-module and hence CK (x) = 1. Now, recalling (Ď), we have CK (x) = 1 for every nontrivial x ∈ P .
Hence G is a Frobenius group with complement P .
We hence assume, working towards a contradiction, that K is not a minimal normal subgroup of G and that, for every
minimal normal subgroupM of G, G/M is not a p-group and Op(G/M) 6= 1. Let Φ(G) denote the Frattini subgroup of G.
If M is a minimal normal subgroup of G contained in Φ(G), then the Frattini argument yields Op(G/M) = Op(G)M/M .
Since Op(G) = 1, we get Op(G/M) = 1, a contradiction. Therefore, Φ(G) = 1.
If G/M is abelian for every minimal normal subgroupM of G, then G′ would be the only minimal normal subgroup of G.
Thus, by Lemma 12.3 of [3], we obtain that G is a Frobenius group with Frobenius kernel G′. So, by Lemma 3.1, K = G′ is
minimal normal in G, a contradiction.
Thus, we may assume that there exists a minimal normal subgroup M of G such that G/M is nonabelian. Write L/M =
Op(G/M) and L = MU , where 1 6= U ≤ P . By induction, G/L is a Frobenius group with Frobenius complement PL/L. Take
x ∈ U \ {1} and y ∈ K \ M . Note that, because L/M centralizes K/M , the element xy is not a p-element modulo M . So, xy
is not a p-element of G. Since G ∈ Vpt , we have χ(xy) 6= 0 for every χ ∈ Irr(G). Therefore, Theorem 3.2 implies that xy is
a 2-element modulo F(G). Since p divides |xy| and F(G) is a p′-group, it follows that p = 2 and that y ∈ F(G). Since y is an
arbitrary element of K \M and sinceM ≤ F(G), we get K = F(G).
Recalling thatΦ(G) = 1, we have that K is the product of the minimal normal subgroups of G. In particular, K is abelian.
Since G/L is a Frobenius group with complement PL/L, by Lemma 3.1 every x ∈ P \ U is a zero of some χ ∈ Irr(G/L) ⊆
Irr(G/M). Thus, by Lemma 2.5 it follows that CM(x) = 1 for every x ∈ P \ U . Let now x ∈ U , x 6= 1. By coprimality,
CK (x)M/M = CK/M(x) = K/M . In particular, CK (x) 6= 1 and by (Ď) we get x ∈ Z(P). Now, since K is abelian and x lies in the
center of P , we have CM(x) E G. Note that CM(x) 6= M , since otherwise x centralizes K , a contradiction because K = CG(K).
By minimality ofM , it follows that CM(x) = 1, for every 1 6= x ∈ U . Summing up, CM(x) = 1 for every 1 6= x ∈ P . Therefore
MP is a Frobenius group with complement P . In particular, from the structure of Frobenius complements, it follows that P
has a unique subgroup C of order p.
As Φ(G) = 1 and K = F(G) is not a minimal normal subgroup of G, there exist two distinct minimal normal subgroups
M1,M2 ofG. Now, the assumptionOp(G/Mi) 6= 1 implies that C centralizes bothK/M1 andK/M2. Hence, [K , C] ⊆ M1∩M2 =
1. So, C centralizes K . Therefore, Op(G) 6= 1, a contradiction. This final contradiction yields that G is a Frobenius group with
complement P .
We have hence proved, so far, that G/Op(G) is a Frobenius group with complement P/Op(G). It remains to show that
Z(G) = Op(G). Now, Z(G/Op(G)) = 1, which implies Z(G) ≤ Op(G). Since Op(G) centralizes K , from (Ď) it follows
Op(G) ≤ Z(P) and hence Op(G) ≤ Z(G). Therefore, Z(G) = Op(G). 
From Theorem 3.3 we easily get the prime order case, i.e. Theorem B.
Proof of Theorem B. Assume that G is nonabelian. If G is a p-group, then exp(G) = p by Corollary 2.10. Therefore, we may
assume that E = Op(G) < G. By Theorem 3.3 we have E = Z(G) and G/E is a Frobenius group with Frobenius complement
P/E, where P is a Sylow p-subgroup of G. By Lemma 3.1, there exists χ ∈ Irr(G/E) such that χ(x) = 0 for every x ∈ P \ E. So,
|x| = p for every x ∈ P \ E and, by the structure of Frobenius complements, it follows that P/E is cyclic of order p. Further,
as E ≤ Z(P), we have that P is abelian and hence, by Lemma 2.5, the group P is an elementary abelian p-group.
We hence obtain G = E × F , where F ' G/E is a Frobenius group with complement of order p. 
4. Small primes
For small primes p, one can completely determine the groups in Vp. By Theorem B, this reduces to understanding which
Frobenius groups with complement of order p lie in Vp.
Proposition 4.1. Let G be a Frobenius group and p a prime, p ≤ 5. If G ∈ Vp, then the Frobenius kernel of G is abelian.
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Proof. LetG be aminimal counterexample. Let C be the Frobenius complement ofG andQ the kernel. By TheoremB, |C | = p.
Since Q is nilpotent and the class Vp is closed by images, the group Q is a q-group, for some prime q.
Let M be a normal subgroup of Q maximal with respect to Q/M being nonabelian. Then N/M = (Q/M)′ = Z(Q/M) is
the unique minimal normal subgroup of Q/M . Consider ψ ∈ Irr(Q/M) with ψ(1) = qn > 1. Then, by (2.30) and (2.31)
of [3], we have |Q/N| = q2n and ψ vanishes on Q \ N .
Now, χ = ψG is an irreducible character of G vanishing on Q \⋃y∈C Ny. Therefore,⋃y∈C Ny = Q . Thus |Q | ≤ p|N| and
hence q2n = |Q/N| ≤ p. This yields q = 2, n = 1 and p = 5.
We note that C has only two irreducible F2-modules, namely the trivial module and a module of dimension 4. In
particular, since C acts fixed point freely on Q , we have |Q | = 24t for some t .
Let x be a generator of C . Set V = Mx ∩Mx2 ∩Mx3 ∩Mx4 and U = M ∩ V . Clearly, U is a normal subgroup of G. We claim
that U = V . Let v be in V . Since v ∈ Mxi for any 1 ≤ i ≤ 4, we have vxi ∈ M for any 1 ≤ i ≤ 4. Moreover, since x is a
fixed-point-free automorphism of Q , we have 1 = vvxvx2vx3vx4 . Therefore v ∈ M . Thus v ∈ M ∩ V = U .
Now, G/U is a group in V5 with nonabelian kernel Q/U . Therefore, by minimality, U = 1. Now, Q is a subdirect product
of four copies of Q/M . Thus |Q | ≤ |Q/M|4 = 212 and hence either |Q | = 212 or |Q | = 28.
If |Q | = 212, then Q is the direct product of four copies of either D8 or Q8. It follows that C fixes the (unique) irreducible
character of degree 24 of Q , against the assumption that QC is a Frobenius group.
Therefore, |Q | = 28, Z = Z(Q ) = Q ′ and |Q : Z | = 24.
If all nonlinear characters of Q have degree 2, then, by Theorem 12.11 of [3], the group Q has a normal abelian subgroup
Awith |Q : A| = 2. Thus, Z ≤ A and, by Lemma 12.12 of [3], we have 27 = |A| = |Q ′||Z(Q )| = |Z |2, a contradiction.
We can hence assume that there exists ψ ∈ Irr(Q ) such that ψ(1) > 2. By corollary 2.30 of [3], we get ψ(1) = 4 and
ψ(x) = 0 for every x ∈ Q \ Z . Hence, χ = ψG is an irreducible character of G that vanishes on the elements of Q \ Z , against
the assumption G ∈ V5. This final contradiction yields the result. 
The next proposition, together with Theorem B and Proposition 4.1, shows that for p = 2, 3 the Frobenius groups in Vp
are precisely the Frobenius groups with abelian kernel and complement of order p.
Proposition 4.2. Let G be a Frobenius group with complement of prime order p, with p ≤ 3. If the Frobenius kernel of G is
abelian, then G lies in Vp.
Proof. Let K be the kernel of G and C = 〈x〉 a Frobenius complement. Any nonlinear irreducible character χ of G is of the
form χ = λG, for some λ ∈ Irr(K). Since the elements in G \ K have order p, it is enough to prove that χ(g) 6= 0 for g ∈ K .
If p = 2, then χ(g) = λ(g)+ λx(g) = λ(g)+ λ(g) = 2Re(λ(g)) 6= 0 since λ(g) is a |K |th root of unity and |K | is odd. If
p = 3, then χ(g) = λ(g)+ λx(g)+ λx2(g) 6= 0 by Lemma 2.1(ii). 
Recalling that a group of exponent 2 is abelian, Theorem C follows immediately from the next result.
Theorem 4.3. Let G be a nonabelian group and p = 2 or p = 3. Then, G ∈ Vp if and only if either G is a p-group of exponent p
or G = E × F where E is an elementary abelian p-group (possibly E = 1) and F is a Frobenius group with complement of order
p and abelian kernel.
Proof. One implication follows by Theorem B and Proposition 4.1. The other is immediate from Proposition 4.2. 
5. Examples
Proposition 4.1 is not true for every p. In Example 1we show that there exist Frobenius groups inVp that have nonabelian
Frobenius kernel, for suitable primes p ≥ 7. The smallest example of this type is the normalizer of a Sylow 2-subgroup in
the Suzuki group Suz(8). For a similar construction see Theorem 5.1 of [5].
Example 1. We show that, for any prime p of the form q
s−1
q−1 , with q prime and s odd such that (s, q) = 1 and (s, q− 1) = 1,
there exists a Frobenius group G ∈ Vp with Frobenius kernel of nilpotency class s− 1 and derived length dlog2(s)e.
Let q, s, p be as above. Define
Q = {(a1, . . . , as−1) | ai ∈ GF(qs)}.
We denote the element (a1, . . . , as−1) of Q by (ai)i. If (ai)i, (bi)i lie in Q , then we define a binary operation in Q by
(ai)i · (bi)i = (ci)i, where
ci = ai +
i−1∑
j=1
aq
j
i−jbj + bi.
Under this binary operation, Q is a group of order qs(s−1) with nilpotency class s and derived length dlog2(s)e, see
Corollary 2.12 in [9].
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We note that GF(qs)∗ acts, as a group, on Q . Indeed, if x ∈ GF(qs)∗ and (ai)i ∈ Q , then ((ai)i)x = (x(qi−1)/(q−1)ai)i. Let λ
be a generator of the kernel of the Norm map N : GF(qs)∗ → GF(q)∗. Clearly, λ has order p. Define C = 〈λ〉 and G = Q o C .
The group G is a Frobenius group with complement C of prime order p, see [2]. In the rest of Example 1, we prove that G lies
in Vp.
Define H = {(ai)i ∈ Q | ai ∈ GF(q)}, Qk = {(ai)i ∈ Q | ai = 0, fori < k} and Hk = Qk ∩ H , for 1 ≤ k ≤ s. It is easy
to check that Qk is a normal subgroup of Q and that H is an abelian subgroup of Q . We note that Qk/Qk+1 is an elementary
abelian q-group of order qs, HkQk+1/Qk+1 has order q and C acts regularly on the one-dimensional subspaces of Qk/Qk+1, see
Section 3 and Theorem 4.1 in [2].
Now, we recall the character theory for the group Q , see Proposition 4.7 in [2]. For any α ∈ Irr(H/Hk+1) \ Irr(H/Hk) and
1 ≤ k ≤ s− 1, there exists an irreducible character χα of Q such that Qk+1 ⊆ ker(χα), χα(1) = q(s−1)(k−1)/2 and χα(x) = 0
if x is not conjugate to an element of HQk. If x is conjugate to an element of HQk, then x is conjugate to an element u of H
modulo ker(χα), see Section 4 in [2]. Finally, if u ∈ H , then χα(u) is defined by the following rules:
χα(u) =
{
q(s−1)(k−1)/2α(u) for u ∈ Hk \ Hk+1,
εiq(s−1)i/2α(u) for u ∈ Hi \ Hi+1, 1 ≤ i ≤ k− 1,
(in here εi ∈ {−1, 1} depends only on i, see Section 4 and Proposition 4.7 in [2] for an explicit definition of εi).
Now, we recall the following result, see Proposition 4.8 in [2].
Proposition 5.1. For any irreducible nonprincipal character χ of Q there exist k ∈ {1, . . . , s−1}, α ∈ Irr(H/Hk+1)\ Irr(H/Hk)
and c ∈ C such that χ = χ cα .
Finally, we are ready to prove that G lies in Vp. Let η be an irreducible character of G. We have to prove that η
vanishes in no element of Q . This is clear if η is linear. Thus, by Proposition 5.1, we can assume that η = χGα , for some
α ∈ Irr(H/Hk+1) \ Irr(H/Hk) and 1 ≤ k ≤ s − 1. Let x be an element of Q . As Qk+1 ⊆ ker(χα), if x ∈ Qk+1, then η(x) 6= 0.
Therefore, we may assume that x ∈ Qi \ Qi+1 for some i in {1, . . . , k}. Now, by Theorem 4.1 in [2] and by definition of χα ,
there exists a unique cx, such that χ cxα (x) 6= 0. In particular,
η(x) =
∑
c∈C
χ cα(x) = χ cxα (x) 6= 0.
Since x is an arbitrary element of x, we have that η does not vanish in Q . Hence G lies in Vp.
Example 1 yields the following result.
Corollary 5.2. Assume there exists a prime q such that the set { qs−1q−1 | s ∈ N} contains infinitely many primes. Then, for any n,
there exist a prime p and a Frobenius group G in Vp, such that the Frobenius kernel of G has derived length greater than n.
In Example 2, we show that for p ≥ 5 there exist Frobenius groups G with complement of order p and abelian kernel,
such that G does not lie in Vp. Thus, in Proposition 4.2, the assumption concerning p cannot be relaxed.
We need a preliminary lemma.
Lemma 5.3. Let m, n be positive integers with n odd. Let ε be a primitive mth root of unity. If n is a linear combination, with
integer non-negative coefficients, of the prime factors of m, then there exist a1, . . . , an such that
n∑
i=1
εai = 0 and
n∑
i=1
ai ≡ 0 mod m.
Proof. Let pi be the set of the prime divisors ofm. By hypothesis n =∑p∈pi cpp for suitable non-negative integers cp.
For p ∈ pi , denote by Φp(x) the pth cyclotomic polynomial and observe that, as ε mp is a primitive pth root of unity,
Φp(ε
m
p ) = ε0 + ε mp + ε mp 2 + · · · + ε mp (p−1) = 0.
Assume first that c2 is even. Then the sum∑
p∈pi
cpΦp(ε
m
p ) = 0
has n summands, powers of ε, and their exponents add up to
∑
p∈pi cp
m
p
p(p−1)
2 which is divisible bym, since 2 divides c2.
Assume then that c2 is odd. Since n is odd, there exists an odd prime q ∈ pi such that cq is odd. Now, we consider the sum
c2Φ2(ε
m
2 )+ ε m2 cqΦq(ε mq )+
∑
p∈pi,p6=2,q
cpΦp(ε
m
p ) = 0.
It has n summands, powers of ε, and their exponents add up to
(
c2 + cq
) m
2 +
∑
p∈pi,p6=2 cp
m
p
p(p−1)
2 which is divisible by m
because c2 + cq is even. 
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Example 2. For every prime p ≥ 5, there exists a Frobenius group G with complement of order p and with abelian kernel
such that G does not lie in Vp.
We start by choosing a natural numberm, coprimewith p, such that p can bewritten as a linear combination, with integer
non-negative coefficients, of the prime factors ofm. Note that this can be done as p ≥ 5: take, for instance,m = 6.
Let A be the direct product of p − 1 copies of a cyclic group Cm of order m and let v1, . . . , vp−1 be generators of A. Let α
be the automorphism of A defined by vαi = vi+1, for 1 ≤ i < p− 1, and vαp−1 = (v1 · · · vp−1)−1. Set G = 〈α〉 n A. The group
G is a Frobenius group with complement of order p and abelian kernel.
Let ε be a primitive mth root of unity. Now, by Lemma 5.3, there exist a1, . . . , ap such that
∑p
i=1 ai ≡ 0 mod m and∑p
i=1 εai = 0.
Let λi be the irreducible character of 〈vi〉 such that λi(vi) = εai , for 1 ≤ i ≤ p− 1. Consider η the character of A defined
by λ1 ⊗ · · · ⊗ λp−1 and χ = ηG. Clearly, χ is an irreducible character of G. We claim that χ vanishes on v1. Indeed
χ(v1) =
p−1∑
j=0
η(vα
j
1 ) =
p−1∑
i=1
η(vi)+ η(vαp−11 ) =
p−1∑
i=1
λi(vi)+
p−1∏
j=1
λj(vj)
−1
=
p−1∑
i=1
εai + ε−
p−1∑
i=1
ai =
p−1∑
i=1
εai + εap = 0.
This proves that G does not lie in Vp. 
Finally, we prove a sufficient condition for a Frobenius group with abelian kernel to lie in Vp.
Proposition 5.4. Let G be a Frobenius group with complement of prime order p and abelian kernel A of order m. If p cannot be
written as linear combination, with integer non-negative coefficients, of the prime factors of m, then G lies in Vp.
Proof. Consider χ ∈ Irr(G). Since linear characters do not vanish, we can assume that χ is nonlinear, so χ is induced by a
linear character of A. It is enough to prove that χ(g) 6= 0 for g ∈ A. Now, χ(g) is a sum, with p summands, of mth roots of
unity. Hence, χ(g) 6= 0 by Theorem 2.3. 
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